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Let G be the adjoint group of a simple Lie algebra , and let KC → AutC be
the complexiﬁed isotropy representation at the identity coset of the corresponding
symmetric space. If e ∈ C is nilpotent, we consider the centralizer of e in KC. We
show that the conjugacy classes of the component group of this centralizer can be
described in terms generalizing the Bala–Carter classiﬁcation of nilpotent orbits in
the complexiﬁcation of . © 2000 Academic Press
1. INTRODUCTION
In [10], the second author presented a classiﬁcation of nilpotent ele-
ments in a complex symmetric space which generalizes the Bala–Carter
classiﬁcation of nilpotent elements in a complex semi-simple Lie algebra.
(By complex symmetric space we mean the complexiﬁed tangent space at
the identity coset of a noncompact symmetric space G/K.) Inspired by
the main results of [14], we extend this classiﬁcation to provide additional
information about the centralizers of nilpotents in a complex symmetric
space. Precise knowledge of the centralizer of such a nilpotent is needed
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to “quantize” its orbit, i.e., to construct a corresponding irreducible unitary
representation of G. (See Theorem 8.12 of [4].)
In order to state our main results (Theorems 1 and 2 below) we require
some notation and deﬁnitions. We assume that  is a real simple Lie algebra
with Cartan decomposition  = ⊕ . θ is the associated Cartan involution.
Let C, C, and C denote the complexiﬁcations of , , and  respectively.
θ extends to a complex linear involution on 
C
. Let σ denote conjugation
relative to the real form  of 
C
. The algebra u˜german =  + i is a “compact”
real form of 
C
. τ denotes conjugation of 
C
with respect to u˜german. GC is the
adjoint group of C. G, K, and KC are the connected subgroups of GC
corresponding to the Lie algebras , , and C.
Deﬁnition 1. If e is a nilpotent element of C, let Ae and Ake
denote the component groups GeC/GeC0 and KeC/KeC0 respectively. GeC is
the centralizer of e in G
C
. Ge
C
0 is the identity component of GeC . KeC andKe
C
0 are deﬁned analogously.
Deﬁnition 2. An ordered triple 	Z1 Z2 Z3
 of elements in C (or )
is said to be an sl2-triple if the following commutation relations are satis-
ﬁed: Z1 Z2 = 2Z2 Z1 Z3 = −2Z3, and Z2 Z3 = Z1. The sl2-triple
	Z1 Z2 Z3
 is said to be normal if Z1 ∈ C and Z2 Z3 ∈ C .
Let  
C
 denote the set of nilpotent elements in 
C
and  
C
/K
C
denote the set of K
C
orbits in  
C
. Kostant and Rallis [9] have shown that
there is a bijection between K
C
conjugacy classes of normal sl2-triples of

C
and  
C
/K
C
.
Deﬁnition 3 [14].  is said to be a pseudo Levi subalgebra of C if it
is the centralizer in C of a semisimple element of GC. A pseudo Levi
subalgebra  is said to be elliptic if it is the centralizer of an elliptic element
of KC. A Levi subalgebra is said to be elliptic if it is the centralizer of a
torus in .
Note that an elliptic pseudo Levi subalgebra may also be a nonellip-
tic Levi subalgebra. For example, if  = sl3R, then the centralizer in
sl3C of the vector part of the fundamental Cartan subalgebra is also an
elliptic pseudo Levi subalgebra.
Deﬁnition 4. Let  be a reductive subalgebra (resp. a θ-stable reductive
subalgebra) of C. A nilpotent element e in  (resp.  ∩ C) is said to be
distinguished (resp. noticed) in  if the conditions z ∈  (resp. z ∈  ∩ C), z
is semisimple, and z e = 0 imply that z is in the center of .
If e is distinguished (resp. noticed) in , a parabolic subalgebra (resp.
θ-stable parabolic subalgebra)  of  is said to be noticed for e if there
is an sl2-triple (resp. normal sl2-triple) 	x e f
 in  for which  is
the sum of the non-negative eigenspaces of adx acting on .  has Levi
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decomposition ⊕ ugerman, where ugerman (resp., ) is the sum of the positive (resp.,
zero) eigenspaces of adx.
Remark 1. If  in Deﬁnition 4 is semisimple, then we have the following
characterizations of distinguished and noticed nilpotents. e is distinguished
(resp., noticed) in  if and only if there is an sl2-triple (resp., normal
sl2-triple) 	x e f
 such that 	x e f
 (resp.,  ∩ 
C
	x e f
) equals zero.
Our ﬁrst result generalizes Theorem 14 of [14]:
Theorem 1. There is a bijection between (1) KC conjugacy classes of pairs
eC, where e is a nilpotent in C and C is a conjugacy class in Ake;
and (2) KC conjugacy classes of triples  MK
C
· e, where  is an elliptic
pseudo Levi subalgebra in which e is noticed and  ⊂  is a θ-stable noticed
parabolic for e. Here  has the Levi decomposition  ⊕ ugerman; MK
C
is the con-
nected subgroup of L with Lie algebra  ∩ 
C
; and “ ” denotes closure.
Remark 2. It is known from [10] that the set MK
C
· e in Theorem 1 is
the 2-eigenspace of x in  ∩ 
C
.
We ﬁrst give some examples of the bijection asserted in Theorem 1. In
these examples, when describing the triples  MK
C
· e, we will specify
 by giving its real form R =  ∩  inside . We also often omit a pre-
cise description of  and MK
C
· e. For  exceptional, the conjugacy classes
in  
C
/K
C
are given in [1] and [2]. We will often refer to these references
collectively as Djokovic’s tables.
Example 1. Let  = sl3R. There are two non-zero K
C
conjugacy
classes of nilpotents in 
C
, the regular class K
C
· e1, and the non-regular
(minimal) class K
C
· e2. e1 and e2 may be chosen to lie in the same θ-stable
Borel subalgebra 	 of 
C
. Ake1 = 	1
 and we associate the pair e1 	1

to the triple sl3C 	Ce1. Ake2 = Z2 = 	1−1
. We associate
e2 	1
 to the triple sl3C 	Ce2, and we associate e2 	−1
 to the
triple sl2R ⊕ V 	′Ce2. Here V is a one-dimensional real subspace of
 and 	′ is a Borel subalgebra in sl2C ⊕ VC.
Our second example concerns Ake for the conjugacy class 23 of EI,
the split real form of the complex simple algebra E6. (See [2] and Table 4
of [6].)
Example 2. Let e be a representative of class 23 of  = EI. Ake = S4
has 5 conjugacy classes. Since e is noticed in , the pair e id is associ-
ated to EI W . There are two conjugacy classes of elements of order 2.
These conjugacy classes are associated to triples so5 5 ⊕ V ′ ′W ′ and
sl6R ⊕ sl2R ′′W ′′. The conjugacy class of elements of order 3 is
associated to the triple su2 1 ⊕ sl3C ′′′W ′′′. The conjugacy class
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of elements of order 4 is associated to the triple su2 2 ⊕ sl2C ⊕
V ′′ ivW iv. V ′ and V ′′ are one-dimensional abelian vector subspaces
of .
In general, Theorem 1 provides an efﬁcient way of organizing the calcu-
lation of Ake when  is a simple exceptional algebra. The theorem often
simpliﬁes the work done in [6].
In order to state our second result, we will deﬁne the notion of the
r-carrier subalgebra of a nilpotent e in C (see Vinberg’s notion of a “carrier
subalgebra” in [15]). This algebra will be denoted 
 = 
e and will be
deﬁned as a Z-graded algebra.
Assume that 	x e f
 is a θ-stable, σ-stable sl2 triple. By [12] each
nilpotent in 
C
is K
C
conjugate to an element e lying in such a triple. Set

C
i equal to the i eigenspace of adx on C. If i is odd, set 
i = C2i ∩

C
. If i is even, set 
i = C2i ∩ C . Then,

 = 
e def= ⊕
i∈Z

i 
It is known that 
 is reductive [16]. We will call it the r-carrier subalge-
bra of e in C. (The algebra 
 also occurs in the work of Kawanaka [5].)
Let ˜Ce = ˜C	x e f
 denote the semisimple part of 
. It is the carrier
subalgebra (in the sense of Vinberg) of e in C. The connected subgroup of
GC with Lie algebra ˜Ce is denoted G˜Ce and is called the carrier sub-
group of e. e is distinguished in ˜Ce, i.e, ˜Ce	x e f
 = 0 by Theorem 2
of [16]. ˜Ce is also locally ﬂat in Vinberg’s terminology [15].
Clearly, ˜Ce is τ stable so that it is the complexiﬁcation of a subalgebra
˜e of . ˜e is of equal rank since one can ﬁnd a Cartan subalgebra of
˜e containing x inside 
0. Note that if e is noticed, then 
e = ˜Ce.
The reason for this is that any element z of the center of 
 must belong to

0 and hence to C. But since e is noticed, 
	x e f

C = 0. So z = 0.
Theorem 2. With notation as above, assume that e is noticed in C and
G˜ce is simple and the adjoint group of ˜Ce. Then, there is a bijection from
KC conjugacy classes of triples  l W  in Theorem 1 (corresponding to e) to
G˜Ce conjugacy classes of pairs ˜ l˜ where ˜ is a pseudo Levi subalgbra of
˜Ce and l˜ is a distinguished parabolic of ˜ containing e. In particular, Ake
is isomorphic to the component group of e in G˜ce. In this correspondence,
˜ is the r-carrier subalgebra of e in .
Theorem 2 shows that in some sense Theorem 1 is already contained in
Theorem 14 of [14].
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TABLE I
Pseudo-Levi subalgebra Carrier subalgebra
EI F4(a3)
so5 5 B4a1)
sl6 R ⊕ sl2 R A1 ⊕ C3a1
su2 1 ⊕ sl3 C A2 ⊕ A˜2
su2 2 ⊕ sl2 C A3 ⊕ A˜1
Here are two examples illustrating Theorem 2.
Example 3. Consider KC · e, the unique KC conjugacy class for the split
form of G2 for which Ake = S3. The carrier subalgebra of e is G2 itself.
The carrier subgroup is the adjoint group of G2. e is distinguished in C =
G2 and in each of the pseudo-Levi subalgebras occurring in a triple of
the type considered in Theorem 1. Thus, the ﬁrst two elements of each of
these triples constitute a Sommers pair. The correspondence asserted in
Theorem 2 is trivial in this case.
Example 4. Our second example for Theorem 2 concerns the conjugacy
class treated in Example 2. Table I relates the triples for class 23 of EI
(from Example 2) to the Sommers pairs for the class F4(a3) in the complex
simple algebra F4. (See [14].) We give only the semisimple part of the real
form of each elliptic pseudo Levi subalgebra of EI.
2. DISCUSSION AND PROOFS
Recall that  is simple. Let  be a maximal torus of .  =  is the
fundamental Cartan subalgebra of  which contains . Set ˜ =  ∩ . The
complexiﬁcations of  and  will be denoted C and C respectively. ∗ =
HomRR and ∗C = HomCCC. HC (resp., TC) is the connected sub-
group of G
C
(resp., K
C
) with Lie algebra 
C
(resp., 
C
). Let & denote the
set of roots of the pair C C. If β ∈ &, let eβ denote the corresponding
character of H
C
.
If π is a system of simple roots for a positive system &+ = &+π of
&, let ψ denote the highest root of &+. From now on, assume that π is
θ-stable. Then ψ is imaginary. Set π˜ = π ∪ 	−ψ
.
If J π˜, let &J be the root system spanned by J. Deﬁne CJ to be the
subalgebra of 
C
spanned by 
C
and the root vectors Xφ with φ ∈ &J . (This
agrees with the deﬁnition of 
C
J in [14].) From now on we will assume
that J is θ stable. Let G
C
J denote the connected subgroup of GC with Lie
algebra 
C
J . CJ (resp., GCJ) is said to be a standard elliptic pseudo Levi
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subalgebra (resp., standard elliptic pseudo Levi subgroup) of 
C
(resp. G
C
).
K
C
J denotes the connected subgroup of GCJ with Lie algebra CJ ∩ C .
The center of G
C
J will be denoted by ZGCJ or by ZJ .
Since 
C
J is stable under σ , CJ ∩  is a real form of CJ . Set J =
C
J ∩ , and GJ equal to the connected subgroup of G with Lie algebra
J . We will often describe CJ by specifying J .
Z&k is the Z lattice spanned by &k, the roots of C C. L is the root
lattice spanned by π. LJ ⊂ L is the root lattice spanned by J. LJ is the
Z lattice spanned by the restrictions of the roots of &J to C. W is the
Weyl group of &. WJ is the Weyl group of &J and Wk is the Weyl group
of &k.
ZJ ∩ KC ⊂ TC = expC. Set ˜CJ (resp., ˜CJ) equal to the com-
plex subspace of C (resp., C) corresponding to LJ (resp., LJ), and LJC
(resp., LJC ) equal to the subspace of C (resp., C) where all γ ∈ LJ van-
ish. T LJC (resp., H
LJ
C ) denotes the elements of TC (resp., HC) where the
elements of LJ (resp., LJ) viewed as group characters are trivial. Then

LJ
C (resp., 
LJ
C ) is the Lie algebra of T
LJ
C (resp., H
LJ
C ). Moreover,
C = ˜CJ ⊕ LJC
ZJ = HLJC
ZJ ∩KC = T LJC
ZJ ∩KC0 = exp
(

LJ
C
)
 
Deﬁnition 5. Suppose that ψ =∑α∈π cαα. Set dJ equal to the greatest
common divisor of cα such that α ∈ π˜ − J.
Recall Sommers’s decomposition of ZJ as ZJ0 × ZdJ , where ZdJ is the
cyclic group of order dJ . Sommers shows that ZJ/ZJ0 is isomorphic to
torL/LJ, the torsion subgroup of L/LJ . In addition, recall the element
deﬁned by Sommers,
τJ = −1/dJ
∑
α∈π˜−J
cαα (2.1)
The coset τJ + LJ can be taken as the generator of torL/LJ  ZdJ .
Since J is θ-stable, if we view τJ as an element of ∗C , then it is ﬁxed by θ
and so belongs to ∗
C
. For each α ∈ π, let ωα denote the element of C
which corresponds to the fundamental weight for α. Thus, for each β ∈ π,
2ωαβ/α α = 0 if β = α, and = 1 if β = α.
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Sommers shows that if dJ = 1, then ZJ = ZJ0, i.e., ZJ is connected. If
dJ > 1, then −ψ ∈ J and we have
Lemma 1. Assume that dJ > 1. For each non-negative integer n, set
hn =
−2πi
dnJ
∑
α∈π˜−J
2ωα
α α  
Then
(a) For some unique N , exphN ∈ ZJ0 and exphN+1 ∈ ZJ\ZJ0.
(b) Choose Q to be a positive integer such that ∑α∈π˜−J cα/QdN+1J 
and dJ are relatively prime. If we set τ˜J = exphN+1/Q, then τ˜J is a repre-
sentative of the cyclic generator of ZJ/ZJ0.
Proof. (a) First, consider exph1. It clearly belongs to ZJ . Note
that exph0 = expdJh1 = e which belongs to ZJ0. If exph1
does not belong to ZJ0, we are done. If it belongs to ZJ0, there
is an element h ∈ LJ
C
such that exph1 = exph. This means that
h =∑α∈π˜−J dα2ωα/α α with each dα ∈ C, and ∑α∈π˜−J cαdα = 0. Since
exph1 = exph, βh− h1 ∈ 2πiZ for all β ∈ &.
It follows that for each α ∈ π˜ − J, there is an integer kα such that
−2πi
dJ
− 2πikα = dα (2.2)
Since
∑
α∈π˜−J cαdα = 0, (2.2) implies that
−2πi
∑
α∈π˜−J cα
dJ
= 2πi ∑
α∈π˜−J
cαkα (2.3)
and hence
−∑α∈π˜−J cα
dJ
= ∑
α∈π˜−J
cαkα (2.4)
Since dJ divides each cα on the right-hand side of (2.4), dJ must also divide
the left side. This implies that exph2 ∈ ZJ (since ψ and all the roots in
π ∩ J are trivial on exph2). Continuing in this fashion we arrive at an
N for which exphN ∈ ZJ0 but exphN+1 ∈ ZJ\ZJ0. For this value
of N , we must have that
∑
α∈π˜−J cα/d
N+1
J is not divisible by dJ . Otherwise,
exphN+2 ∈ ZJ , but exphN+1 = exphN+2dJ /∈ ZJ0, which contradicts
the fact that ZJ/ZJ0 is cyclic of order dJ . This establishes the assertion
of part (a).
Note that since π˜ and J are θ-stable, π˜ − J is θ-stable, so each hn is ﬁxed
by θ and hence belongs to .
(b) is proved like (a). First note that τ˜J /∈ ZJ0, since otherwise exphN+1
∈ ZJ0. Moreover, one can show that if τ˜mJ = expmhN+1/Q ∈ ZJ0,
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then m
∑
α∈π˜−J cα/Qd
N+1
J is divisible by dJ . But this implies that dJ
divides m. On the other hand, it is clear that τ˜dJJ ∈ ZJ0.
Let  be a standard elliptic pseudo Levi subalgebra. Let L be the con-
nected subgroup in GC with Lie algebra . We have the exact sequence
1 → ZL0 ∩KCZL ∩KC0
→ ZL ∩KCZL ∩KC0
→ ZL ∩KC
ZL0 ∩KC
→ 1 (2.5)
Let z be the center of . Then, ZLo = expz ∩ C expz ∩ C.
Recall that u˜german =  + i. Set u˜germanL =  ∩  + i ∩ . Let the corresponding
connected subgroups of GC be denoted U˜ and U˜L respectively. U˜ and U˜L
are maximal compact subgroups of GC and L respectively.
Proposition 1. Suppose that  is a standard elliptic pseudo Levi subgroup.
Then
(1) ZL ∩KC/ZL0 ∩KC  ZL/ZL0,
(2) ZL0 ∩KC/ZL ∩KC0 is a 2-group.
Proof. Lemma 1 implies that there is an element z ∈ ZL ∩ K
C
such
that the coset zZL0 generates ZL/ZL0. Part (1) follows. In addition,
we have ZL = ZL ∩K
C
expz ∩ 
C
.
Also, ZL0 = expz = expz ∩ C expz ∩ C. Since ZL ∩
K
C
0 = expz ∩ C, there is a surjective homomorphism,
expz ∩ C ∩KC →
ZL0 ∩KC
ZL ∩KC0
 
A simple argument invoking the diffeomorphism U˜L × iu˜germanL → L (given by
hY  → h expY ) shows that each non-trivial element of expz ∩ C ∩
KC has order two and belongs to the subgroup expiz ∩  ∩K. z ∩ 
can be extended to a maximal abelian subspace  of R ∩ . It is known that
the subgroup of the group expi consisting of all elements of order two
is ﬁnite with dimR  generators. This establishes (2).
We can characterize the standard elliptic Levi subalgebras among the
standard elliptic pseudo Levi subalgebras in terms of the correspond-
ing θ stable subset of π˜. We leave the proof of the following result to the
reader.
Lemma 2. 
C
J is an elliptic Levi subalgebra if and only if −ψ /∈ J.
Proposition 2. Let J and J ′ be two proper θ-stable subsets of π˜ where π
is a θ-stable simple system of &. Consider the following statements:
(1) J and J ′ are conjugate under Wk.
(2) &J and &J ′ are conjugate under Wk.
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(3) WJ and WJ ′ are conjugate under Wk.
(4) CJ and CJ ′ are conjugate under KC.
Then, (1) ⇒ (2) ⇐⇒ (3) ⇐⇒ (4).
Proof. (1) ⇒ (2) ⇐⇒ (3) is clear. (2) ⇒ (4) also folIows because if
w&J = &J ′ for w ∈ Wk, then any element k ∈ NKT  which represents w
will conjugate CJ to CJ ′ . Conversely, (4) ⇒ (2), because if k ∈ KC
and k · CJ = CJ ′ , then k · C will be the complexiﬁcation of a funda-
mental Cartan subalgebra of . We may as well assume that k · 
C
= 
C
, and
so k corresponds to an element of Wk. It is clear that k sends &J to &J ′ .
Remark 3. Let  = su2 1. Assume that π = 	αβ
 with α compact
and β non-compact. Then ψ = α + β is non-compact. π˜ = 	αβ−ψ
.
Let J = 	αβ
 and J′ = 	β−ψ
. Then J and J ′ are not conjugate under
Wk but CJ = CJ ′ . Thus, parts 2–4 of the previous proposition do not
imply Part (1).
Fix π to be a θ stable set of simple roots for the fundamental Cartan
subalgebra of . Let J be a proper θ stable subset of π˜. If 9 is an abelian
group, let tor9 denote the torsion subgroup of 9.
Proposition 3. Assume that  is simple.
(a) If  is equal rank, then ZJ ∩ KC/ZJ ∩ KC0 is isomorphic to
torL/LJ.
(b) If  is not equal rank, then ZJ ∩KC/ZJ ∩KC0 is isomorphic to
torZ&k/LJ.
Proof. Let X∗TC denote the set of characters of TC. In [14], Sommers
proves that ZJ/ZJ0 is isomorphic to torL/LJ by analyzing ZJ = HLJC .
Since ZJ ∩ KC = T
LJ
C , we can copy Sommers argument and deduce the
following lemma.
Lemma 3. ZJ ∩KC/ZJ ∩KC0 is isomorphic to torX∗TC/LJ.
We now prove part (a) of Proposition 3. Since  is equal rank, ZJ ⊂ TC ⊂
K
C
which implies that ZJ ∩ KC/ZJ ∩ KC0 = ZJ/ZJ0. So the desired
conclusion follows from Sommers’ result cited before the previous lemma.
We now prove part (b) of Proposition 3. Since  is not equal rank, one
veriﬁes case by case that K
C
is equal to the adjoint group of 
C
. Therefore,
X∗TC = Z&k. The desired conclusion follows from the previous lemma.
There is considerable evidence that the previous proposition can be
expressed more succinctly as follows.
Conjecture 1. If  is simple, and J is as above, ZJ ∩KC/ZJ ∩KC0 is
isomorphic to torZ&k/Z&k ∩ LJ.
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Proposition 4. Suppose that  is simple and not equal rank.
(a) If −ψ does not belong to J then the 2 subgroup of torZ&k/LJ
is trivial, and hence ZJ0 ∩KC/ZJ ∩KC0 is trivial.
(b) Suppose that −ψ belongs to J. Then, the following are equivalent:
(i) τJ/2 belongs to Z&k;
(ii) ZJ0 ∩KC/ZJ ∩KC0 is equal to Z2;
(iii) ZJ0 ∩KC/ZJ ∩KC0 is non-trivial.
(c) If −ψ belongs to J and ZJ0 ∩KC/ZJ ∩KC0 is non-trivial, then
for each α ∈ π˜ − Jc or π˜ − Jnc , cα is even.
(d) Assume −ψ belongs to J. If τJ/2 belongs to Z&k, then
torZ&k/LJ is cyclic of order 2dJ . If τJ/2 /∈ Z&k, then ZJ0 ∩KC is
connected and torZ&k/LJ is cyclic of order dJ .
Proof. Since  is not equal rank the restriction of each root in & to 
C
belongs to Z&k. Moreover, ψ is imaginary and so may be identiﬁed with
its restriction to 
C
. If φ is a complex linear functional on 
C
, φ: will denote
its restriction to 
C
.
Let πc (resp., Jc), πnc (resp., Jnc), and πcx (resp., Jcx) denote respec-
tively the subsets of compact imaginary, noncompact imaginary, and com-
plex roots in π (resp., J). &c, &nc, and &cx have the obvious meaning. If
φ ∈ &cx, then its restriction φ: ∈ Z&k and φ: = φ + θφ/2. Every
root in &k is either a compact imaginary root or the restriction to C of a
complex root of . Moreover, since  is not equal rank, each noncompact
imaginary root belongs to Z&k.
(a) Since −ψ does not belong to J, dJ = 1 and ZJ is connected.
Hence, ZJ ∩KC/ZJ0 ∩KC is trivial. Therefore, by Proposition 1, ZJ ∩
K
C
/ZJ0 ∩KC = ZJ0 ∩KC/ZJ ∩KC0 is a 2 group.
To complete the proof of (a) we need the following lemma.
Lemma 4. Suppose that λ ∈ LJ and λ/2 ∈ Z&k, then λ/2 ∈ LJ.
Proof of Lemma. On the one hand, for some integers nα ∈ Z,
λ = ∑
α∈Jnc
nαα+
∑
α∈Jc
nαα+
∑
	α θα
 α∈Jcx
nαα
: (2.6)
On the other hand, for some integers mφ ∈ Z, we have
λ/2 = ∑
φ∈&c
mφφ+
∑
	φ θφ
 φ∈&cx
mφφ
:
or
λ = ∑
φ∈&c
2mφφ+
∑
	φ θφ
 φ∈&cx
2mφφ
: (2.7)
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Each φ ∈ &c is an integral combination of imaginary and complex roots
in π. Each φ: with φ ∈ &cx is a sum of an integral combination of imaginary
roots in π and an integral combination of restrictions of complex roots in π.
Thus (2.7) implies that we can write
λ = ∑
α∈πnc
2pαα+
∑
α∈πc
2pαα+
∑
	α θα
 α∈πcx
2pαα
: (2.8)
where pα ∈ Z. Since J and π are θ stable systems of simple roots and the
roots in each set are linearly independent, when we equate (2.6) and (2.8),
we conclude that nα is even (possibly equal to zero) for each α ∈ J. It
follows that λ/2 ∈ LJ, completing the proof of the lemma.
Lemma 4 implies that there are no non-trivial elements of order two in
Z&k/LJ. Since ZJ0 ∩ KC/ZJ ∩ KC0 is a 2 subgroup, it must be
trivial.
(b) Clearly (ii) ⇒ (iii).
We now show that (iii) ⇒ (ii). Part (c) will be a corollary of this argu-
ment. So assume (iii) holds. Then the 2 subgroup of torZ&k/LJ is
not trivial. Recalling that ψ =∑α∈π cαα, set
ψπ∩J =
∑
α∈π∩J
cαα and ψπ˜−J =
∑
α∈π˜−J
cαα 
The following argument shows that every non-trivial element of the 2 sub-
group is represented by ψπ˜−J/2.
Any element of the 2 subgroup of torZ&k/LJ has a representative
in Z&k of the form n−ψ/2 + λ′/2 where n ∈ Z and λ′ =
∑
α∈π∩J nαα:.
(In the previous sum, each complex simple root is counted only once.) Since
ψ ∈ LJ, we may assume that n = 0 or 1. If n = 0, then Lemma 4 implies
that λ′/2 ∈ LJ. So if the representative is non-trivial, we may assume
that n = 1.
If we argue as in part (a), we conclude that: (1) if α ∈ π ∩ J is imagi-
nary, then nα − cα is even; (2) if α ∈ π ∩ Jcx, then nα − 2cα is even; and
(3) if α ∈ π˜ − J is imaginary, then cα is even. Therefore, −ψπ∩J/2+ λ′/2
lies in LJ and −ψπ˜−J/2 belongs to Z&k.
One can show using the linear independence of the simple roots that
−ψπ˜−J/2 cannot belong to LJ. Thus, if the 2 subgroup of torZ&k/LJ
is non-trivial it is generated by −ψπ˜−J/2 + LJ. We have established
(iii) ⇒ (ii).
Again, using the linear independence of the roots in π, one can show
that if −ψπ˜−J/2 lies in Z&k, then for each α ∈ π˜ − Jc or π˜ − Jnc, cα
is even. This is part (c).
We now show that (i) ⇒ (iii). Assuming that (i) holds, we construct an
element of ZJ0 ∩KC which does not lie in ZJ ∩KC0. The key observation
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is that (i) implies that if α ∈ π˜ − Jc or α ∈ π˜ − Jnc, then cα/dJ is even
and hence that
∑
α∈π˜−Jcα/2dJ is an integer. We will use the notation and
technique of Lemma 1.
First note that for each α ∈ πc or πnc, ωα ∈ C and for each α ∈ πcx,
θωα = ωθα. Since LJC is the space of all sums of the form
∑
α∈π˜−J dα2ωα/
α α, with each dα ∈ C such that
∑
α∈π˜−J cαdα = 0, it is easy to check that
LJ
C
is the set of all such sums satisfying the additional condition that for
each α ∈ π˜ − Jcx, dα = dθα.
Since h1/2 = −2πi/2dJ
∑
α∈π˜−J2ωα/α α and
∑
α∈π˜−Jcα/2dJ is an
integer, exph1/2 belongs to ZJ ∩KC .
Suppose that exph1/2 /∈ ZJ ∩ KC0. Let M be a positive integer
such that 2dJ and
∑
α∈π˜−Jcα/2dJM are relatively prime. The ele-
ment exph1/2M ∈ ZJ ∩ KC , but /∈ ZJ ∩ KC0 (otherwise, exph1/2 ∈ZJ ∩KC0).
We have exph1/2MdJ = expdJh1/2M ∈ ZJ0 ∩ KC because
ZJ/ZJ0 is cyclic of order dJ . We will show that z = expdJh1/2M /∈
ZJ ∩KC0.
Suppose z ∈ ZJ ∩KC0. Then there exists h =
∑
α∈π˜−J dα2ωα/α α ∈
LJ
C
, such that βdJh1/2M − h ∈ 2πiZ, for all β ∈ Z&k. Arguing as in
Lemma 1, we conclude that if α ∈ π˜ − J is imaginary, then for some
integer sα,
−2πi
2M
− 2πisα = dα (2.9)
Moreover, if α ∈ π˜ − Jcx, then
−2πi
2M
− 2πisα = dα (2.10)
But, if α ∈ π˜ − Jcx, then dα = dθα and hence sα = sθα. Since∑
α∈π˜−J cαdα = 0, it follows that
− 2πi
∑
α∈π˜−J cα
2M
= 2πi ∑
α∈π˜−J
cαsα (2.11)
and hence dividing both sides by 2πi, we have
−∑α∈π˜−J cα
2M
= ∑
α∈π˜−J
cαsα (2.12)
= ∑
α∈π˜−Jc
cαsα +
∑
α∈π˜−Jnc
cαsα
+ ∑
	α θα
⊂π˜−Jcx
2cαsα (2.13)
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Since cα/dJ is even if α ∈ π˜ − Jc or π˜ − Jnc, and if α ∈ π˜ − Jcx, cα is
divisible by dJ , each sum on the right-hand side is divisible by 2dJ . It follows
that −∑α∈π˜−J cα/2M is divisible by 2dJ . This contradicts the fact that 2dJ
and
∑
α∈π˜−Jcα/2dJM are relatively prime. This contradiction implies that
z /∈ ZJ ∩KC0. So if exph1/2 /∈ ZJ ∩KC0, z is the desired element, and
we are done.
If exph1/2 ∈ ZJ ∩KC0 we can show that for some positive integer m,
exp
(
h1
22dJm
)
belongs to ZJ ∩KC but not to ZJ ∩KC0 
Then we can repeat the preceding argument with h1/22dJm replacing
h1/2 to obtain a suitable element z.
Thus (i) ⇒ (iii).
We now show that (iii) ⇒ (i). In our proof that (iii) ⇒ (ii), we actu-
ally showed that (iii) implies that the 2 subgroup of torZ&k/LJ is
equal to Z2. It follows from (2.5) that torZ&k/LJ has order 2dJ .
Thus torZ&k/LJ is isomorphic to either Z2 × ZdJ or Z2dJ . Since  is
not equal rank,  is either classical or EI or EIV. So a priori using Som-
mers’ calculations, we have dJ = 1 2 or 3. If dJ = 1, then the torsion
subgroup is Z2. dJ = 3 occurs only for  = EI and J is isomorphic to
sl3C ⊕ su2 1. But then the 2 subgroup is trivial by (c).
So we need only consider dJ = 2. The torsion subgroup is either Z2 × Z2
or Z4. The ﬁrst alternative would contradict the hypothesis about the 2 sub-
group. Hence there must be a cyclic generator in torZ&k/LJ of order
4. By the usual arguments, this generator has a representative of the form
nψπ˜−J/4 = nτJ/2 for some integer n. Then n must be odd, otherwise the
generator has order less than 4. Therefore, this representative is equivalent
to τJ/2, which must belong to Z&k. We have shown that (iii) ⇒ (i). (The
possibility we have just discussed only occurs for  = EI and the semisimple
part of J isomorphic to su2 2 ⊕ sl2C.)
(c) See the proof of (b).
Clearly (b) ⇒ (d).
This completes the proof of Proposition 4.
Corollary 1. If  is simple, then ZJ ∩KC/ZJ ∩KC0 is cyclic.
Proof. If  is equal rank, then ZJ ⊂ TC ⊂ KC . Hence ZJ ∩ KC/ZJ ∩
K
C
0 is equal to ZJ/ZJ0, which Sommers has shown to be cyclic. If 
is not equal rank the desired conclusion follows from (2.5), Proposition 3,
Proposition 4, and the fact that the quotient ZJ/ZJ0 is cyclic.
Deﬁnition 6. A subalgebra  ⊂ 
C
J (resp., subgroup L ⊂ GC) is
an elliptic pseudo Levi subalgebra (resp., elliptic pseudo Levi subgroup) of
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
C
(resp., G
C
) if  (resp., L) is conjugate under K
C
to a standard ellip-
tic pseudo Levi subalgebra (resp., standard elliptic pseudo Levi subgroup)
of 
C
(resp., G
C
).
Proposition 5. (1)  ⊂ 
C
is an elliptic pseudo Levi subalgebra of 
C
if
and only if there exists an element z ∈ K such that  = z
C
.
(2) L ⊂ G
C
is an elliptic pseudo Levi subgroup of G
C
if and only if
there exists an element z ∈ K such that L is the connected component of the
identity of Gz
C
, i.e. L = Gz
C
0.
Proof. Parts (1) and (2) of the proposition are equivalent so we only
need to prove (1).
⇒. It sufﬁces to show that for each J π˜ there exists an z ∈ K such
that 
C
J = zC . We follow the proof of Proposition 2 in [14] with a few
modiﬁcations.
We have
ZJ ∩KC = TCLJ = TCLJ = exp
(

LJ
C
)× F
where F is a ﬁnite cyclic subgroup of ZJ ∩KC of order dKJ . The generator of
F has the form expv+ iw where vw ∈ . Since expv+ iw ∈ ZJ ∩KC , if
φ ∈ J, then eφexpv+ iw = eφv+iw = 1. But φiw ∈ R. It follows that
φiw = 0 for all φ ∈ J. Thus, without loss of generality, we may assume
that F is generated by expv.
As Sommers notes, a maximal compact torus Ŝ contained in an algebraic
torus S contains an element y such that yk (k ∈ Z k = 0) is not in the ker-
nel of any non-trivial character of S. Such an element is called a toplogical
generator for Ŝ. So let x1 be a topological generator of expLJC  ∩K, and
set x = x1 expv. By Lemma 1 in [14], LJ corresponds to the set of all
of the characters of T
C
which are trivial on x. It is clear that each root in
&J is trivial on x. We now show that &J contains all roots in & which are
trivial on x. This will follow from:
Lemma 5. φ ∈ & and φ: ∈ LJ, then φ ∈ &J .
Lemma 5 is proven like Lemma 4.
⇐. Assume that  = z
C
with z ∈ K. We must show that  is conjugate
under K
C
to a standard elliptic pseudo Levi subalgebra. We will adapt an
argument of Sommers based on the afﬁne Weyl group, Wa. We begin by
recalling some facts about Wa. If φ ∈ &, the coroot Hφ = φˇ ∈ C is deﬁned
to be 2hφ/φφ. &ˇ denotes the coroots of &. Set Lˇ equal to the Z lattice
spanned by &ˇ. Then, Wa is the semidirect product WLˇ. For each, φ ∈ &,
k ∈ Z, deﬁne the afﬁne reﬂection
sφkx = sφx + kHφ 
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We may also think of each pair φn with φ ∈ & and n ∈ Z as deﬁning an
afﬁne root. In this case, if y ∈ 
C
then by deﬁnition φny = φy − n.
Conjugating byK, we can assume that z ∈ T . Let> = 	β ∈ &eβx = 1
.
Then,  = ⊕β∈>Cβ.
We have z = exp−2πiv for some v ∈ i. Pick a θ-stable simple system π
for & . Let  = 	h ∈ i + a˜ψh < 1 and αh > 0 for all α ∈ π
.
The closure of  is a fundamental domain for the action of Wa on i+ a˜.
Let W′a denote the subgroup of Wa generated by elements of the form
sαm, where α is imaginary and m ∈ Z, and products sβ ksθβ k, where β is
complex, the inner product of β and θβ is zero, and k ∈ Z. Note that W′a
preserves i. Wθ ⊂ W′a, and Wθ is generated by elements of the form sα,
where α is imaginary, and products sβsθβ, where β is complex and the inner
product of β and θβ is zero.
To complete the proof of the implication ⇐, we need the following
result.
Lemma 6. There is an element in W′a which conjugates v into the clo-
sure of .
Proof of Lemma. To simplify the details of the proof let us assume the
φv /∈ Z for all φ ∈ &. To prove Lemma 6, we must study the proof of
Lemma 7.157 and modify part of the proof of Lemma 7.158 in [8].
Choose any v0 ∈  and then ﬁnd w∗ ∈ W′a so that the length wv− v02
is minimal for w ∈ W′a. We claim that w∗v ∈ . Otherwise, the proof of
Lemma 7.157 shows that either (a) there is a simple root α such that αv <
0 or (b) −2ψv/ψψ + 1 < 0. Suppose that (a) is true. If α is imaginary,
then the proof of Lemma 7.158 shows that sα0w∗v − v02 < w∗v − v02.
If α is complex, then either
(i) α θα < 0, in which case γ = α + θα is an imaginary root,
γv < 0, and sγ 0w∗v − v02 < w∗v − v02, or
(ii) α θα = 0 in which case
sα0sθα0w∗v − v02 < w∗v − v02 
So in case (a) we obtain a contradiction. Similarly, alternative (b) leads
to a contradiction. It follows that w∗v ∈ . This completes the proof of
Lemma 6.
We now complete the proof of Proposition 5 by imitating the end of
Sommers’ argument in Proposition 2 in [14]. It follows from Lemma 6 that
up to conjugacy by W′a, we can assume that v ∈ . Let J be the roots of π˜
which are integral on v. Then J is θ-stable and &J are the roots of & which
are integral on v. Hence &J is Wθ-conjugate to >. Thus, for some w ∈ Wθ,
 is conjugate under K
C
to 
⊕
β∈w&JCβ = CwJ .
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Remark 4. An elliptic pseudo Levi subalgebra  must contain the com-
plexiﬁcation of a fundamental Cartan subalgebra of . Thus, if  is equal
rank, then  is equal rank. Hence in the equal rank case,  must have a
Cartan subalgebra which is a Cartan subalgebra of C. It follows that in this
case z ⊂ C and that ZL/ZL0 = ZL ∩KC/ZL ∩KC0.
Corollary 2. If  is an elliptic pseudo Levi subalgebra of a simple Lie
algebra , and L is the corresponding connected subgroup of G
C
, then ZL ∩
K
C
/ZL ∩K
C
0 is cyclic.
Proof. This follows from Corollary 1 and Proposition 5.
Corollary 3. If  is an elliptic Levi subalgebra of C then ZL is con-
nected and ZL ∩KC is connected.
Proof. ZL is connected by the discussion in Section 1.2 of [14].
If  is simple and equal rank then ZL ∩KC = ZL, so there is nothing
to prove. If  is simple and not equal rank, then ZL ∩ KC is connected
by Proposition 5(a).
Deﬁnition 7. If 
C
J is a standard elliptic pseudo Levi subalgebra, let
dKJ denote the cardinality of the cyclic group ZJ ∩KC/ZJ ∩KC0.
The following result will be needed in the proof of Proposition 7 below.
Proposition 6. Here is a list of all the simple real algebras  for which 
C
contains an elliptic pseudo Levi subalgebra 
C
J such that
(1) dKJ > 2 and
(2) 
C
J ∩ C has a noticed element.
After each real form , we list the G
C
conjugacy classes of the J . Each J
is described by giving the isomorphism type of its semisimple part, ssJ . The
value of dKJ appears in parenthesis after 
ss
J . Note that all the real forms in the
following list are quasi-split.
EI: su2 1 ⊕ sl3C (3); su2 2 ⊕ sl2C (4).
EII: 3su2 1 (3).
EV: su3 3 ⊕ su2 1 (3); 2su2 2 ⊕ sl2R (4); 3su2 1 3.
EVI: 3su2 1 (3).
EVIII: 2su3 2 (5); su3 3 ⊕ su2 1 ⊕ sl2R (6); su4 4 ⊕
sl2R (4); so6 4 ⊕ su2 2 (4); su5 4 (3); EII ⊕ su2 1 (3);
su3 3 ⊕ su2 1 (3); 2su2 2 ⊕ sl2R (4); 3su2 1 ⊕ sl2R (3);
3su2 1 (3).
EIX: 3su2 1 (3).
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FI: su2 1 ⊕ s˜u2 1 (3); su2 2 ⊕ s˜l2R (4).
GI: (split real form of G2): su2 1 (3).
Note. s˜u2 1 and s˜l2R indicate that the corresponding roots in J
are short.
Proof. Case by case veriﬁcation. The veriﬁcation is based on two essen-
tial facts. First, Sommers [13] has determined the G
C
conjugacy classes of
pseudo Levi subalgebras of 
C
for which dJ > 2. Second, from [10] one
knows the simple  for which 
C
∩ 
C
contains noticed elements.
Assume  is classical. If  is equal rank, then for each J, dJ = dKJ .
Sommers has shown that for any pseudo Levi subalgebra 
C
J , dJ ≤ 2.
If  is not equal rank then by applying Proposition 4, we ﬁnd that in all
cases dKJ ≤ 2.
Assume  is exceptional. If  is equal rank, then for each J, dJ = dKJ .
Sommers has determined all the (G
C
conjugacy classes of) 
C
J for which
dJ ≥ 3. Using [10], one can determine which equal-rank real forms of CJ
are contained in  such that 
C
J contains noticed elements. If  is not
equal rank then  = EI or EIV. We now apply Proposition 4. If  = EIV,
then dKJ ≤ 2 in all cases. If  = EI, then we ﬁnd that the semisimple part
of J is either su2 1 ⊕ sl3C or su2 2 ⊕ sl2C.
Let OutθC denote the group of outer automorphisms of C which com-
mute with θ. The following lemma concerns the effect of automorphisms
in OutθC on the noticed KC nilpotent conjugacy classes of certain simple
algebras. The lemma will be used in the proof of Proposition 7.
Lemma 7. (a) If e is a noticed nilpotent in 
C
, and T ∈ OutθC, then
T e is a noticed nilpotent.
(b) If  = EI, EII, sl3C, or sup q, then any automorphism in
OutθC ﬁxes each KC -conjugacy class of noticed nilpotents in C .
Proof. (a) T K
C
· e = K
C
· e. Let 	x e f
 be a normal sl2
triple containing e. Since e is noticed, 	xef

C
= 0. Since 	T x T e T f 

is a normal triple containing T e and 	T xT eT f 

C
= T−1	xef

C
, we
have 	T xT eT f 

C
= 0.
(b) By (a), if  is a noticed class in 
C
, and T ∈ OutθC, then T 
is also a noticed class. If  = sl3C, there is only one K
C
conjugacy class
of noticed nilpotent in 
C
, the principal class. If  = EI, the only non-
trivial element of OutθC is θ itself, so there is nothing to prove. We will
only consider the case of EII and organize the veriﬁcation steps into the
following example. We leave the case of sup q to the reader.
Example 5.  = EII. Then from [1] and [10], there are 4 noticed nilpo-
tent orbits. Let use the notation of Appendix A. We can realize a system
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of simple roots for 
C
= 
6C ⊕ 
2C using α1 α3 α4 α5 α6 for the ﬁrst
summand and ψ = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6 for the second. Here
the simple root α4 is noncompact imaginary. The non-trivial automorphism
T of OutθC ﬁxes α2 and α4 while interchanging α1 with α6 and α3 with
α5. According to the table in [1], the four noticed orbits have KC -labels
22222, 04040, 44044, 44444 on the sequences α1 α3 α4 α5 α6 respectively.
Clearly such a labeling will not change under the action of T . Hence each
noticed conjugacy class is preserved by T .
Deﬁnition 8. Suppose e is a nilpotent in 
C
. Let e denote the set
of all triples  MK
C
· e, where  is an elliptic pseudo Levi subalgebra
of 
C
in which e is noticed and  ⊂  is a θ-stable noticed parabolic for e.
Here  has Levi decomposition ⊕ ugerman; MK
C
is the connected subgroup of
L with Lie algebra  ∩ 
C
; and “ ” denotes closure.
The next major result we need is the following analog of Proposition 9
in Sommers’ thesis.
Proposition 7. Let J be as usual. Assume that 
C
J MK
C
· e ∈
e. Then the triple 
C
J MK
C
· e determines a well deﬁned conjugacy
class in Ake.
Theorbit K
C
J · e in CJ ∩ C corresponds to the triple CJ MKC · e
in e.
Under the hypotheses of Proposition 7, it is clear that if the coset zZJ ∩
K
C
0 generates ZJ ∩KC/ZJ ∩KC0, z deﬁnes an element in Ake, namely
the coset zKe
C
0. However, one must show that the conjugacy class of
zKe
C
0 in Ake depends only on the triple CJ MKC · e.
The proof of Proposition 7 depends on several lemmas.
Lemma 8. Assume
(i) the hypotheses of Proposition 7 hold,
(ii) the coset zZJ ∩KC0 generates ZJ ∩KC/ZJ ∩KC0, and
(iii) dKJ = 1 or dKJ = 2. Then the image of z determines a well deﬁned
conjugacy class in Ake.
Proof. By hypothesis ZJ ∩KC/ZJ ∩KC0 is either (a) trivial or (b) Z2.
Suppose z1ZJ ∩KC0 and z2ZJ ∩KC0 each generate ZJ ∩KC/ZJ ∩KC0.
In case (a), z1 and z2 both determine the trivial conjugacy class. In case (b),
z1 = z2a where a ∈ ZJ ∩ KC0 ⊂ KeC0, so that z1 and z2 determine the
same element in Ake.
In light of Lemma 8, to complete the proof of Proposition 7, it sufﬁces
to consider the triples in e containing 
C
J with dKJ ≥ 3. We divide the
set of such 
C
J into three groups.
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Group A consists of the following simple  and G
C
classes of elliptic
pseudo Levi subalgebras. Each 
C
J is described by giving ssJ . The cardi-
nality of dKJ appears in parentheses after 
ss
J .
EI: su2 1 ⊕ sl3C (3).
EII: 3su2 1 (3).
EVI: 3su2 1 (3).
EVIII: su3 3 ⊕ su2 1 ⊕ sl2R (6); su5 4 (3); EII ⊕ su2 1
(3); su3 3 ⊕ su2 1 (3); 3su2 1 (3).
EIX: 3su2 1 (3).
FI: su2 1 ⊕ s˜u2 1 (3); su2 2 ⊕ s˜l2R (4).
GI: su2 1 (3).
Group B consists of the following simple  and G
C
classes of ellip-
tic pseudo Levi subalgebras. The relevant nilpotent conjugacy classes of 
C
which are noticed in 
C
J are listed in parentheses after CJ . The infor-
mation about Ake comes from [6].
EI: su2 2 ⊕ sl2C (4) [class 23 - noticed, Ake = S4].
EV: 3su2 1 (3) (class 27); su3 3 ⊕ su2 1 (3) (classes 69
and 70)
EVIII: 2su3 2 (5) (class 68); 3su2 1 ⊕ sl2R (3) (class 25);
so6 4 ⊕ su2 2 (4) [class 67 (Ake = D4), class 68 (Ake = S5)-
distinguished in EVIII].
Group C consists of the following simple  and G
C
classes of elliptic
pseudo Levi subalgebras. The relevant nilpotent conjugacy classes of 
C
which are noticed in 
C
J are listed in parentheses after CJ . In each
case Ake = Z4. This information comes from [6].
EV: 2su2 2 ⊕ sl2R (4) (class 50 - noticed in EV ).
EVIII: su4 4 ⊕ sl2R (4) (class 88 - noticed in EVIII); so6 4 ⊕
su2 2 (4) (class 85 - distinguished in EVIII); 2su2 2 ⊕ sl2R (4)
(class 38).
We introduce several notions that will be useful in the veriﬁcation of
Proposition 7.
Deﬁnition 9. Assume that  is equal rank, quasisplit, and that &+k is a
ﬁxed positive root system for 
C
 
C
. Suppose that &+ is compatible with
&+k , and π is the set of simple roots for &
+. Then, π is said to be special if
each root in π is noncompact. &+ and the Borel subalgebra of 
C
which it
determines are also said to be special.
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We will often make use of the following observation. It is a consequence
of Corollary 5.8 and Theorem 6.2 in [3].
Remark 5. Special simple root systems exist for 
C
if and only if  is
equal rank and quasisplit. For EII and EVIII there is a unique special
simple root system denoted πI. For EV, there are two such special simple
root systems denoted by πI and πII. These special simple root systems are
described in Appendix A.
Veriﬁcation of Proposition 7 for 
C
J in Group A
Lemma 9. If 
C
J belongs to Group A above then there exists w ∈ Wk
such that wJ = J and
(1) If  is equal rank, the action of w on L/LJ generates the automor-
phism group of the torsion subgroup of L/LJ .
(2) If  = EI, the action of w on Z&k/LJ generates the automor-
phism group of torZ&k/LJ.
Deﬁnition 10 (Sommers Element). Assume that  is simple and &+k
is a ﬁxed positive root system for 
C
 
C
, and &+ is a θ-stable compatible
system for &. As usual π is the set of simple roots for &+, J π˜. w0 denotes
the longest element of W. w0K denotes the longest element of Wk. w0J
denotes the longest element of WJ . The Sommers’ element wS = wSπ J
associated to J is deﬁned to be w0w0J .
Remark 6. If  = EVI, EVIII, EIX, FI, or GI, then for any choice of π
compatible with &+k , w0 = w0K = −1. If  = EII, then there exists π such
that w0 = w0K = −1. (See Subcase (2) of the Proof of Lemma 9.)
Proof of Lemma 9. The proof is given in case by case veriﬁcation. We
show that for each ssJ at issue, there exists a θ-stable system π and a subset
J π˜ such that the Sommers’ element wS = wSJ π ∈ Wk. By the proof
of Proposition 8 in [14], the element w = wS satisﬁes the assertion in the
lemma.
We divide the veriﬁcation of the existence of a suitable Sommers’ element
into three parts.
Subcase (1).  = EII, and each simple component of ssJ is of type
su2 1.
Subcase (2).  = EII and ssJ is of type 3su2 1.
Subcase (3). At least one simple component of ssJ is not of type
su2 1.
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Subcase (1) occurs for  = EVI, EVIII, EIX, FI, and GI. Suppose J π˜
for some θ-stable simple system π. Since J = J1 ∪ J2 ∪ · · · ∪ Js (disjoint
union) where each Ji corresponds to an su2 1 factor, there exists w in
the Weyl group of ssJ C ssJ C ∩ C such that the simple roots in wJ
are all non-compact. Since wπ is also a θ-stable system, we might as well
assume that all the roots in J are non-compact. Therefore, for each i,
Ji = 	φi1 φi2
 where φi1 and φi2 are each non-compact. Since φi1 + φi2 is
compact, the longest element of the Weyl group of each Ji belongs Wk.
Therefore, w0J ∈ Wk. Since w0 ∈ Wk by Remark 6, wS = wSπ J ∈ Wk.
Subcase (2) has  = EII and J is of type 3su2 1. Let π0 and πI be the
simple systems for  given in Appendix A. Let ψ0 (resp., ψI) be the longest
root of the positive system determined by π0 (resp., πI). ψ0 is compact and
ψI is noncompact. 	α1 α3 α4 α5 α6 ψ0
 comprises a simple system for

C
. There is a single K
C
conjugacy class of elliptic pseudo Levi subalgebras
of type 3su2 1. (See Appendix B.) We can construct a representative of
this conjugacy class by choosing J ⊂ π˜I, i.e., J = 	β1 β3
 ∪ 	β2−ψI
 ∪
	β5 β6
. As in Subcase 1, we have w0J ∈ Wk since the ψI as well as
all the βi are noncompact. One checks that w0, the longest element of W
relative to the simple system πI, is equal to the longest element of Wk
for the simple system given for 
C
. It follows that the Sommers’ element
wS = w0w0J ∈ Wk.
Subcase (3). For this there is a single K
C
conjugacy class of elliptic pseudo
Levi subalgebras  such that R is of the given isomorphism type. One checks
that a representative J of this conjugacy class can be chosen so that J ⊂ π˜I
where πI is deﬁned as in Appendix A. One also checks that the correspond-
ing Sommers’ element wS lies in Wk. In most cases, checking that wS lies in
Wk requires computer computation. We will look at a few examples which
do not require such checking.
Example 6. Suppose J is a representative of the elliptic pseudo Levi
subalgebra of type EII+ su2 1 in EVIII. Then we can assume that J π˜I
where πI is the unique special simple system for EVIII. J = J1 ∪ J2 where
J1 is of type EII and J2 is of type su2 1. J1 is a special simple system
of EII, and J2 is a special simple system of su2 1. w0J = w0J1w0J2 .
It follows from the discussion of EII in Subcase 2 that w0J1 ∈ Wk. The
discussion in Subcase 1 implies that w0J2 ∈ Wk. Since w0 = −1 ∈ Wk,
we see that wSJ πI ∈ Wk.
Finally, we consider  = EI and J of type su2 1 ⊕ sl3C. EI is not
equal rank so the previous arguments must be modiﬁed. We may assume
that J π˜I. It happens that in this case the restriction of the Sommers’
element wSJ πI to C is an element w of Wk. Since torZ&k/LJ is
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isomorphic to the torsion Subgroup of L/LJ , this sufﬁces to establish (2) of
Lemma 9.
To complete the veriﬁcation of Proposition 7 for 
C
J in Group A, we
can imitate Sommers’ proof of Proposition 9 in [14].
Note that the images of z1 and z2 both generate ZJ ∩ KC/ZJ ∩ KC0.
Then z2 ≡ zl1 modulo ZJ ∩ KC0 for some l prime to dKJ . By Lemma 9,
we can ﬁnd w−1 ∈ Wk such that w−1J = J, and w−1 acts on the torsion
subgroup of L/LJ by multiplying each element by l. If w¯ in KC represents
w, we have Adw¯z1 ≡ zl1 ≡ z2 modulo ZJ ∩KC0.
In addition, Adw¯ is a θ stable outer automorphism of 
C
J . Using
Lemma 7, one checks case by case that the θ stable outer automorphisms
of 
C
J preserve each KCJ conjugacy class of noticed elements. Since
Adw¯e and e belong to the same K
C
J conjugacy class, there exists
k ∈ K
C
J such that Adkw¯e = e, i.e, kw¯ ∈ KeC . Since z2 ∈ ZJ ∩ KC ,
and k ∈ K
C
J , we have Adkw¯z1 ≡ z2 modulo ZJ ∩ KC0. SinceZJ ∩ KC0 ⊂ KCe0, we have shown that z1 and z2 determine the same
conjugacy class in Ake.
This completes the veriﬁcation of Proposition 7 for Group A.
Veriﬁcation of Proposition 7 for J in Group B. The argument of the
following lemma can be applied in each of the cases in Group B.
Lemma 10. Proposition 7 holds if  = EV with J = su3 3 ⊕ su2 1.
Proof. J = su3 3 ⊕ su2 1. (There is one KC conjugacy class of this
type of subalgebra.) The nilpotent classes of EV which are noticed in 
C
J
are classes 69 and 70 in Djokovic’s list. ZJ ∩KC/ZJ ∩KC0 = Z3. Classes
69 and 70 are distinguished (so that  = EV is the minimal elliptic Levi
subalgebra containing each one). From Djokovic’s tables, each class is also
noticed in an elliptic pseudo Levi subalgebra of type so6 6 ⊕ sl2R.
(There is only one K conjugacy class of such algebras.)
For both classes 69 and 70, Ake = S3. (The reasoning is as follows:
Since each class is distinguished, G	x e f
 is discrete. From Sommers’ work,
we know that G	x e f
 = Ae = S3. Since both classes lie in su3 3 ⊕
su2 1 and so6 6⊕ sl2R, Z3 and Z2 belong to K	x e f
. It follows that
K	x e f
 = G	x e f
 = S3.) Thus, each generator of ZJ ∩ KC/ZJ ∩ KC0 =
Z3 lies in the same conjugacy class of Ake.
The other cases in Group B are handled as in Lemma 10.
For EI, su2 2⊕ sl2C (Z4) (class 23), we use the fact thatAke = S4
[6] which has only one conjugacy class of elements of order 4.
For EVIII, 3su2 1 ⊕ sl2R (Z3) (class 25), we use the fact that
Ake = S3 [6].
EVIII: so6 4 ⊕ su2 2 (4) [class 67 (Ake = D4)].
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EVIII: so6 4 ⊕ su2 2 (4) [class 68 (Ake = S5)-distinguished].
EVIII: 2su3 2 (5) [class 68 (Ake = S5)-distinguished].
This completes the veriﬁcation of Proposition 7 for Group B.
Veriﬁcation of Proposition 7 for J in Group C. Consider ﬁrst J =
2su2 2 ⊕ sl2R in EV. There is one K
C
-conjugacy class of elliptic
pseudo Levi subalgebras of type 2su2 2 ⊕ sl2R. If e is noticed in
the corresponding elliptic pseudo Levi subalgebra, then e belongs to K
C
conjugacy class 50 in Djokovic’s list. We have ZJ = ZJ ∩ KC = K	xef
C =
Ake = Z4.
Suppose that ′ 	′W ′ ∈ e, with ZL′ = Z4. There is an element
of k ∈ K
C
which conjugates this triple to  	W  where R = 2su2 2 ⊕
sl2R, 	 = 
C
⊕  is a special Borel subalgebra of , and W = /.
From Appendix A, πI and πII are the unique special simple systems of EV.
From Appendix B, the simple roots of 	 form a system of type 2A3 +A1
and must be a subset of one of the following extended simple systems: π˜I,
s˜β2πI , π˜II , or s˜β2πII . Let these subsets of the extended simple systems just
listed be denoted J ′i , i = 1     4. It is known that no two of the simple
systems πI, sβ2πI, πII, and sβ2πII are conjugate under Wk. Let w
B denote
the automorphism of & deﬁned by the assignment: −ψI → −β7, β1 →
β5 + β6 + β7, β3 → −β5, −β2 → β2, β5 → β3, β6 → β1, and β7 →
−ψI. Then one can check that wB ∈ Wk (see Appendix B), wBJ ′1 = J ′3,
and wBJ ′2 = J ′4. It follows that the triples  	1W1 and  	3W3 are
conjugate under K
C
, and the triples  	2W2 and  	4W4 are conjugate
under K
C
. At the same time  	1W1 and  	2W2 are not conjugate
under K
C
since πI and sβ2πI are not conjugate under Wk. It follows that
there are two K
C
conjugacy classes in e. Thus one can match the pair
of generators z and z3 of Z4 to the two KC conjugacy classes in e. (One
can distinguish z and z3 by the value taken by eβ4 on each element.)
For EVIII: su4 4 ⊕ sl2R (class 88, noticed). We argue as above
using the extended systems π˜I and s˜β1πI . There are two KC conjugacy
classes in e. One can match the pair of generators z and z3 of Z4 to the
two K
C
conjugacy classes in e.
For EVIII: so6 4 ⊕ su2 2 (class 85, distinguished). We argue as
above using the extended systems π˜I and s˜β2sβ5πI . We obtain the same
conclusion as for the elliptic pseudo Levi subalgebra su4 4 ⊕ sl2R.
For EVIII: 2su2 2 ⊕ sl2R (class 38). We argue as above using
the extended systems π˜I, s˜β1πI , s˜β2sβ5πI , and s˜β2sβ5sβ1πI . It turns out
that the Borel subalgebra of 2su2 2 ⊕ sl2R constructed on π˜I is Wk
conjugate to the Borel subalgebra of 2su2 2 ⊕ sl2R constructed on
s˜β2sβ5sβ1πI . Likewise, the Borel of 2su2 2 ⊕ sl2R constructed on
s˜β1πI is Wk conjugate to the one built on s˜β2sβ5πI . One can choose the
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following element w# of Wk to accomplish both conjugations. If we iden-
tify the real span of the roots of EVIII with R8, and write the roots of π0
(see Appendix A) as in Appendix C of [7], then w# switches coordinates 1
and 2, 3 and 5, 4 and 6, and 7 and 8. Since Wk contains the permutations
of the coordinates of a vector in R8, w# ∈ Wk. On the other hand, it is
easy to check that the Borel subalgebra constructed on π˜I is not Wk con-
jugate to the one constructed on s˜β1πI . We conclude as in the previous
cases in group C that there are exactly two K
C
conjugacy classes in e
which are matched to the two generators of Ake.
This completes the veriﬁcation of Proposition 7. This proposition can be
reformulated as follows.
Corollary 4. There is a well deﬁned map from e to the set of pairs
eC where C is a conjugacy class in Ake. This map is deﬁned as follows.
Assume that 
C
J W  ∈ e, z ∈ ZJ ∩KC , and zZJ ∩KC0 generates
ZJ ∩ KC/ZJ ∩ KC0. Let CJ W  denote the set of KC conjugates of
C
J W  in e. Let zKeC0 denote the conjugacy class of (the coset)
zKe
C
0 in Ake.
Suppose that the pair 
C
J e is not one of those in group C in the proof
of Proposition 7. Then we stipulate that(
C
J W
) → e zKec 0 (2.14)
Suppose 
C
J e lies in group C. Let C′J ′W ′ be a representative of
the other K
C
conjugacy class in e. Then each triple in 
C
J W  maps
to e zKe
C
0 and each triple in C′J ′W ′ maps to e z3KeC0.
If z ∈ G
C
and S ⊂ G
C
, let Z
C
x S (resp., ZG
C
x S) denote the central-
izer of the set 	z S
 in 
C
(resp. G
C
). We will require the following result
which is a consequence of results about automorphisms of semisimple Lie
algebras in [11]. (See Problem 16 and Theorem 3 of Chapter 4, Section 4.)
Proposition 8. [11] Let R be a reductive subgroup of G
C
. Let x y ∈ R
be two semisimple elements in R whose images in R/R0 are in the same
conjugacy class. Let S be a maximal torus in the reductive group Rx0. Then
for some g ∈ R, and s ∈ S, we have gyg−1 = xs. In particular, Z
C
x S ⊂
AdgZ
C
y.
Deﬁnition 11. Assume that  is simple. Let L be an elliptic pseudo
Levi subgroup with center Z and Lie algebra . Given a nilpotent e ∈ 
C
and a conjugacy class C in Ake, we say that  has the key property for
eC if e ∈  and there exists z ∈ Z ∩K
C
such that
(a) The image of z generates the cyclic group Z ∩K
C
/Z ∩K
C
0, and
(b) the image of z in Ake belongs to C.
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Remark 7. Assume that  and z are as in Deﬁnition 11. Since  is an
elliptic, pseudo Levi subalgebra,  = z′
C
for some z′ ∈ Z ∩ K
C
. Since the
image of z generates Z ∩K
C
/Z ∩K
C
0 and this quotient is cyclic, we have
z′ = zns for some non-negative integer n and s ∈ Z ∩K
C
0. Therefore,
 ⊂ Z
C
z Z ∩ K
C
0 ⊂ Z
C
zns = 
so that  = Z
C
z Z ∩K
C
0.
Assume that eC is a pair as in Deﬁnition 11. We will construct an ellip-
tic pseudo Levi subalgebra  with the key property for eC. We proceed
as in Sommers [14]. Assume that  = 	x e f
 is a normal triple contain-
ing e. Set R = K
C
. Since Ake = R/R0, let z ∈ R represent C. Since each
element in R can be written as the product of a semi-simple and a unipo-
tent element which commute, and the unipotent factor lies in R0, we may
assume that z is semisimple.
Lemma 11. Let S be a maximal Cartan subgroup of Rz0. Then,
 #= ZG
C
z S (2.15)
is an elliptic pseudo-Levi subalgebra containing e. If 
 is the Lie algebra of S,
then 
 = 
 ∩  ⊕ i
 ∩ . So S = S ∩K expi
 ∩ . If we choose a mono-
thetic element s in the torus S ∩K, then L will be the connected component
of Gzs
C
.
Proof. By construction, the element z satisﬁes part (b) of Deﬁnition 11.
So it remains to verify part (a) of the deﬁnition.
If  is equal rank, then ZL = ZL ∩ K
C
, so Sommers’ work implies
that Part (a) of Deﬁnition 11 holds.
If  is not equal rank, then either (i)  is classical; (ii)  = EIV; or (iii)
 = EI.
Assume we are in case (i) or (ii). By applying Proposition 4, we ﬁnd that
ZL ∩K
C
/ZL ∩K
C
0 is either trivial or Z2. From Sommers’ results (see
Remark 3 of [13]), we know that the image of z generates ZL/ZL0. If
ZL/ZL0 is not trivial, then ZL ∩KC/ZL0 ∩KC is non-trivial and
must be generated by the image of z. Recall the exact sequence (2.5),
1 → ZL0 ∩KCZL ∩KC0
→ ZL ∩KCZL ∩KC0
→ ZL ∩KC
ZL0 ∩KC
→ 1 
It follows that ZL ∩K
C
/ZL ∩K
C
0 is non-trivial. Hence it is equal to
Z2 and is generated by the image of z.
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On the other hand, if ZL/ZL0 is trivial, then either
(1) ZL0 ∩KC/ZL ∩KC0 is trivial or,
(2) ZL0 ∩KC/ZL ∩KC0 = Z2
by Propositions 4 and 5. In Case 1 the image of z is the trivial coset and
there is nothing to prove. In Subcase (2), z /∈ ZL ∩ K
C
0 since it was
chosen to lie outside of R0. So the image of z must generate the whole
quotient.
In the case (iii) the only elliptic pseudo Levi subalgebras where the cardi-
nality ofZL ∩K
C
/ZL ∩K
C
0 exceeds 2 are those whose real forms have
semi-simple parts of isomorphism type su2 1 ⊕ sl3C and su2 2 ⊕
sl2C. For the ﬁrst subalgebra, ZL ∩K
C
/ZL ∩K
C
0 is Z3 and since
z /∈ R0, zZL ∩KC0 must generate the full quotient. For the second sub-
algebra, ZL ∩K
C
/ZL ∩K
C
0 is Z4. The exact sequence (2.5) becomes
1 → Z2 → Z4 → Z2 → 1 (2.16)
The coset zZL ∩ K
C
0 must generate ZL ∩ KC/ZL0 ∩ KC, the ﬁnal
Z2 in the preceding exact sequence. Thus z /∈ ZL0 ∩ KC , and so the coset
zZL ∩K
C
0 does not haveorder 2 inZL ∩KC/ZL ∩KC0. Therefore,
thiscosetmusthaveorder4andgenerateallofZL ∩K
C
/ZL ∩K
C
0=Z4.
It follows that in all cases, L has the key property for eC.
Proposition 9. The subalgebra  deﬁned in (2.15) is minimal among the
elliptic pseudo Levi subalgebras with the key property for eC. Moreover,
any other minimal pseudo Levi subalgebra with the key property for eC is
conjugate to  by an element of Ake.
Proof. We imitate the proof of Proposition 12 in [14]. We use the nota-
tion immediately preceding Eq. (2.15).
Suppose that ′ is another elliptic pseudo Levi subalgebra with the key
property for the pair eC. Let L′ be the corresponding connected sub-
group of G
C
. Since ′ has the key property for eC, Remark 2 implies
that there exists z′ ∈ ZL′ ∩K
C
and s′ ∈ ZL′ ∩K
C
0 such that ′ = z′s′C
and the image of z′ in Ake lies in C. It follows that the image of z′s′ in
Ake also lies in C.
Let  = 	x′ e f ′
 be a normal triple in ′. Then z′s′ centralizes ′.
By the work of Kostant and Rallis [9], there exists g ∈ Kec such that
Adg′ = . If we conjugate ′, L′, and z′s′ by g, we can assume that z
and z′s′ are semisimple elements in R which represent the same conjugacy
class in the component group of R. Applying Proposition 8, there exists
g′ ∈ R such that Z
C
z S =  is contained in Adg′z′s′
C
 = Adg′′.
Proposition 10. Let  be a minimal elliptic pseudo Levi subalgebra with
the key property for eC. Then, e is noticed in .
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Proof. We adapt the proof of Proposition 13 in [14].
Let z be the center of  and  = z ∩ 
C
. Suppose that e is not noticed
in . Let y ∈  ∩ 
C
be a semi-simple element such that y e = 0 but y /∈ .
Set ∗ equal to the subalgebra generated by  ∪ 	y
. Then ∗ is a toral
subalgebra and ∗ = ∪	y
 = ∗ is an elliptic pseudo Levi subalgebra which
contains e. L∗ denotes the connected subgroup of G
C
corresponding to ∗.
We now show that ∗ has the key property for eC. Let z be an element
satisfying (a) and (b) of Deﬁnition 11 for . Then the image of z in Ake
lies in C and, by Remark 7, L = ZG
C
z ZL ∩K
C
00. Since L∗ = L∗ and
ZL ﬁxes each element of ∗, we have ZL ⊂ ZL∗, so that z ∈ ZL∗ ∩
K
C
. It remains to show that the image of z in ZL∗ ∩K
C
/ZL∗ ∩K
C
0
generates this cyclic group.
It follows from the deﬁnition of ∗ that L∗ = ZG
C
z exp∗0. Moreover,
∗ ⊂ z∗ ∩ 
C
. Remark 3 in [13] implies that the image of z generates the
cyclic group ZL∗/ZL∗0 = ZL∗ ∩KC/ZL∗0 ∩KC . Now consider the
exact sequence (2.5),
1 → ZL
∗0 ∩KC
ZL∗ ∩KC0
→ ZL
∗ ∩KC
ZL∗ ∩KC0
→ ZL
∗ ∩KC
ZL∗0 ∩KC
→ 1 
If  is equal rank, then ZL∗ ∩K
C
= ZL∗, so that ZL∗ ∩K
C
/ZL∗0 ∩
K
C
= ZL∗ ∩K
C
/ZL∗ ∩K
C
0 and we are done.
If  is not equal rank, then we only have to consider the case in which
ZL∗0 ∩KC/ZL∗ ∩KC0 = Z2 
(Otherwise, by Part (b) of Lemma 4, ZL∗0 ∩ KC/ZL∗ ∩ KC0 is triv-
ial and again ZL∗ ∩ K
C
/ZL∗0 ∩KC = ZL∗ ∩ KC/ZL∗ ∩ KC0.) In
this case, we may also assume that ZL∗ ∩ K
C
/ZL∗0 ∩ KC is not triv-
ial. For if this quotient is trivial, ZL∗ ∩ K
C
/ZL∗ ∩ K
C
0 = Z2, which
then must be generated by the image of z. We are thus reduced to the
case in which  = EI, and the semi-simple part of ∗R = su2 2 ⊕ sl2C.
In the proof of Lemma 11, we showed that the image of z generated
ZL∗ ∩K
C
/ZL∗ ∩K
C
0.
We have now established that in all cases ∗ has the key property for
eC. This contradicts the minimality of . Therefore, the element y
postulated at the beginning of the proof does not exist. Thus e must be
noticed in .
Proof of Theorem 1. By Corollary 4 there is a well-deﬁned map from
e to the set of pairs eC where C is a conjugacy class in Ake. The
assignment is surjective because given a pair eC we can ﬁrst construct
(as in Eq. (2.15)) an elliptic pseudo Levi subalgebra  which contains e and
has the key property for eC. Propositions 9 and 10 then imply that e
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is noticed in . We then obtain the parabolic  and the subspace W to
complete the triple  W .
It remains to show that the mapping is injective on the K
C
conjugacy
classes of e. Suppose that  W  and ′ ′W ′ are two triples in
e that are mapped to the pair eC. Then  and ′ must have the key
property for the pair eC. Since e is noticed in  and ′, each pseudo
Levi subalgebra must be minimal with respect to having the key prop-
erty. (Here is an explanation of this fact: Assume that ∗ ⊂  is an ellip-
tic pseudo Levi subalgebra with the key property for eC. We must
have ∗ = Z
C
z ZL∗ ∩ K
C
0. If ∗ is a proper subalgebra of , then
ZL ∩K
C
0 must be a proper subset of ZL∗ ∩KC0, contradicting the
fact that e is noticed in .)
Let 	x e f
 and 	x′ e f ′
 be normal sl2-triples in  and ′ respec-
tively. By the proof of Proposition 9 there exists k ∈ K
C
	x e f
 such that
k ·  = ′. Therefore, the triple 	x e f
 also belongs to ′. We can now ﬁnd
k∗ ∈ L′ ∩K
C
e so that x′ = k∗x. Since ′ (respectively k · ) is the sum of
the non-negative eigenspaces of x′ (respectively, x) in ′, and W ′ (respec-
tively, kW ) is the 2-eigenspace of x′ (respectively, of x) intersected with 
C
,
we see that the triples  W  and ′ ′W ′ are conjugate under the
element k∗k.
Proof of Theorem 2. Since e is noticed in 
C
, K	x e f
 is ﬁnite. Thus
Ake = K	x e f
C = K	x e f
. Since e is distinguished in ˜ce, A˜e, the
component group of e in G˜ce is the same as G˜ce	x e f
. We also have
K
	x e f

C ⊂ KxC ⊂ G˜ce. In addition, G˜ce	x e f
 ⊂ KxC . Therefore, A˜e =
G˜ce	x e f
 = K	x e f
C = K	x e f
 = Ake.
Let ˜e denote the set of pairs ˜′ ˜′ such that ˜′ is a pseudo elliptic
Levi subalgebra of ˜ce and ˜′ is a distinguished parabolic of ˜′ for e.
Suppose  W  ∈ e. If ˜ is the r-carrier subalgebra of e in , then e
is distinguished in ˜ , and so lies in a distinguished parabolic subalgebra
˜ of ˜. The triple  W  is not one of those in group C in the proof
of Proposition 7. (Otherwise, the hypotheses on G˜Ce would be violated.)
This implies that there exists a cyclic generator z ∈ ZL ∩K
C
such that  =
z
C
. (If z′ is another such generator, then z′ is conjugate to z under K	x e f

C
.)
Then, ˜ = ˜cez, showing that ˜ is a pseudo Levi subalgebra of ˜ce.
Therefore, the assignment
 W  → ˜ ˜ (2.17)
gives a well deﬁned map from K
C
conjugacy classes of triples in e to
G˜ce conjugacy classes of pairs in ˜e.
It is not hard to show that the mapping in (2.17) is injective. Since
Ake = A˜e, the two component groups have the same conjugacy classes.
The surjectivity of (2.17) follows from Theorem 1 and Theorem 14 of [14].
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APPENDIX A: SIMPLE ROOT SYSTEMS FOR REAL
EXCEPTIONAL SIMPLE ALGEBRAS
We list certain simple root systems (of the real exceptional simple Lie
algebras) on the fundamental Cartan subalgebra that are needed in our
proofs. For each simple algebra below, π0 denotes the Vogan system of
simple roots described by Knapp in Appendix C of [7]. We also choose
the same underlying positive root system for 
C
 
C
 as Knapp. We call this
positive root system &+k and note that π0 is compatible with &
+
k .
EI. We have π0 = 	α1 α2 α3 α4 α5 α6
. Here α1 α3 α5 α6 are
complex with θα1 = α6, and θα3 = α5. α2 is noncompact imaginary. α4
is compact imaginary. Set
πI = sα2π0 = 	α1−α2 α3 α2 + α4 α5 α6
 
EII. π0 = 	α1 α2 α3 α4 α5 α6
. Here, αi is compact if i = 2, and
α2 is noncompact.
πI = 	β1 β2 β3 β4 β5 β6

where β1 = −α1+α2 +α3+α4, β2 = α2 +α3+ 2α4+α5, β3 = α1+α2 +
α3 + α4 + α5, β4 = −α2 + α3 + α4 + α5, β5 = α2 + α3 + α4 + α5 + α6, and
β6 = −α2 + α4 + α5 + α6.
EV. π0 = 	α1 α2 α3 α4 α5 α6 α7
. Here, αi is compact if i = 2,
and α2 is noncompact.
πI = 	β1 β2 β3 β4 β5 β6 β7

πII = sβ7sβ5sβ2πI = 	β1−β2 β3 β2 + β4 + β5−β5 β5 + β6 + β7−β7

where β1 = −α1 + α2 + α3 + α4, β2 = α2 + α3 + 2α4 + α5, β3 = α1 +
α2 +α3+α4+α5, β4 = −α2 +α3+α4+α5, β5 = α2 +α3+α4+α5+α6,
β6 = −α2 + α4 + α5 + α6, and β7 = α2 + α4 + α5 + α6 + α7. Note that
ψI, the longest positive root of the system determined by πI, is given by
ψI = α1 + α2 + 2α3 + 3α4 + 3α5 + 2α6 + α7.
EVI. π0 = 	α1 α2 α3 α4 α5 α6 α7
. Here, αi is compact if i = 1,
and α1 is noncompact.
πI = 	β1 β2 β3 β4 β5 β6 β7

where β1 = α1 + α2 + 2α3 + 2α4 + α5, β2 = α1 + α2 + α3 + 2α4 + 2α5 + α6,
β3 = α6, β4 = −α1 + α2 + α3 + 2α4 + α5 + α6, β5 = α4, β6 = α1 + α2 +
α3 + α4 + α5 + α6 + α7, and β7 = −α1 + α3 + α4 + α5 + α6 + α7.
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EVIII. π0 = 	α1 α2 α3 α4 α5 α6 α7 α8
. Here, αi is compact if
i = 1, and α1 is noncompact.
πI = 	β1 β2 β3 β4 β5 β6 β7 β8

where β1 = −α1 + α2 + 2α3 + 2α4 + α5, β2 = α1 + α2 + α3 + 2α4 + 2α5 +
α6, β3 = α1 + α2 + 2α3 + 2α4 + α5 + α6, β4 = −α1 + α2 + α3 + 2α4 +
α5 + α6, β5 = α1 + α2 + α3 + 2α4 + α5 + α6 + α7, β6 = −α1 + α2 + α3 +
α4 + α5 + α6 + α7, β7 = α1 + α2 + α3 + α4 + α5 + α6 + α7 + α8, and β8 =
−α1 + α3 + α4 + α5 + α6 + α7 + α8.
EIX. π0 = 	α1 α2 α3 α4 α5 α6 α7 α8
. Here, αi is compact if
i = 8, and α8 is noncompact.
πI = 	β1 β2 β3 β4 β5 β6 β7 β8

where β1 = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6 + α7 + α8, β2 = α5, β3 =
−α1 + α2 + 2α3 + 3α4 + 2α5 + α6 + α7 + α8, β4 = α4, β5 = α1 + α2 +
2α3 + 2α4 + 2α5 + 2α6 +α7 +α8, β6 = −α1 +α2 +α3 + 2α4 + 2α5 + 2α6 +
α7 + α8, β7 = α1, and β8 = α2 + α3 + 2α4 + 2α5 + 2α6 + 2α7 + α8.
FI. π0 = 	α1 α2 α3 α4
 where α1 α2 and α3 are compact and
α4 is noncompact. α1 and α2 are short. α3 and α4 are long.
πI = 	β1 β2 β3 β4

where β1 = −α1 + α2 + α3 + α4, β2 = α1 + 2α2 + α3 + α4, β3 = −2α2 +
α3 + α4, and β1 = 2α2 + 2α3 + α4.
G. π0 = 	αβ
 where α is compact and short, and β is noncom-
pact and long.
πI = 	α+ β−β

APPENDIX B: K
C
CONJUGACY CLASSES OF ELLIPTIC
PSEUDO LEVI SUBALGEBRAS FOR REAL
EXCEPTIONAL SIMPLE ALGEBRAS
The authors are not aware of any published classiﬁcation of the K
C
con-
jugacy classes of elliptic pseudo Levi subalgebras for a simple exceptional
real algebra . So we will brieﬂy discuss how one can establish the asser-
tions made in the proof of Proposition 7 concerning K
C
conjugacy classes
of various isomorphism types.
For speciﬁcity, we assume  = EV and consider the K
C
conjugacy classes
of elliptic pseudo Levi subalgebras  such that R is of isomorphism type
su3 3 ⊕ su2 1 or of type 2su2 2 ⊕ sl2R. Given R , one can ﬁnd a
positive system of roots for 
C
 
C
, a compatible set of simple roots π for 
C
,
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and a subset J π˜ such that R = J . Assume that the positive system for

C
 
C
 is &+k , the same one chosen in Appendix A. Since R is quasisplit,
there exists w ∈ WJ such that all the roots in wJ are noncompact. We
have wJ w˜π. But wπ is conjugate under Wk to a set of simple
roots π ′ which is compatible with &+k . So we might as well assume from the
start that J is a special simple root system for J . Let  denote the set of
simple sets π ′ for EV which are compatible with &+k . There are exactly 72
simple systems π ′ in  , and no pair of these systems is conjugate under
Wk. By inspecting each of the corresponding π˜ ′, we ﬁnd that the following
holds.
Set ψI equal to the longest positive root relative to the simple system πI.
If J is of type su3 3 ⊕ su2 1, then π = πI or πII. In fact, J must be
one of the subsets
J1 = 	−ψI β1 β2 β3 β4 β6 β7

J2 = 	−ψI β1 β2 β4 β5 β6 β7

J3 = 	−ψI β1−β2 β3 β2 + β4 + β5 β5 + β6 + β7−β7

and
J4 = 	−ψI β1−β2 β2 + β4 + β5−β5 β5 + β6 + β7−β7
 
We observe that J4 = sβ2sβ5sβ7J2. Since β2 β5 β7 ∈ J2, we see that J4
and J2 determine (span) the same root system, and hence we determine the
same algebra J . Furthermore, there exists wB ∈ Wk such that wJ1 = J4
and wJ2 = J3. This element is deﬁned as follows: −ψI → −β7, β1 →
β5 + β6 + β7, β3 → −β5, β4 → β2 + β4 + β5, β2 → −β2, β6 → β1, and
β7 → −ψI. (The fact that wB ∈ Wk can be demonstrated as follows: The
roots of the simple system π0 of E7 can be rewritten in terms of a certain
dependent set of vectors εi, i = 1     8. (See Table 1 in the Reference
Chapter of [11].)Wk can be identiﬁed with the set of permutations of the εi,
andwB can be shown to be such a permutation.) It follows from Proposition 2
that the subalgebras Ji , i = 1     4, are conjugate under KC . So there is a
single K
C
conjugacy class of isomorphism type su3 3 ⊕ su2 1.
If J is of type 2su2 2 ⊕ sl2R, then (a) π = πI or πII or (b) there
exists a noncompact α ∈ J ∩ π such that sαπ = πI or πII. In fact, J must
be one of the subsets
J ′1 = 	−ψI β1 β2 β3 β5 β6 β7

J ′2 = 	−ψI β1−β2 β3 β5 β6 β7

J ′3 = 	−ψI β1−β2 β3−β5 β5 + β6 + β7−β7

J ′4 = 	−ψI β1 β2 β3−β5 β5 + β6 + β7−β7
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We see that J ′2 = sβ2J ′1, J ′3 = sβ2sβ5sβ7J ′1, and J ′4 = sβ5sβ7J ′1. Since
β2 β5 β7 ∈ J ′1, the subsets J ′i span the same root system and so determine
the same algebra J . It follows that there is a single KC conjugacy class of
isomorphism type 2su2 2 ⊕ sl2R.
The other assertions in the proof of Proposition 7 about K
C
conjugacy
classes of elliptic pseudo Levi subalgebras of other simple  can be estab-
lished by arguments similar to those above utilizing the simple root systems
πI deﬁned in Appendix A.
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